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Abstract

This paper presents a comprehensive experimental and theoretical investiga-
tion of the deformation behavior of high-purity, polycrystalline a-titanium
under quasi-static conditions at room temperature. The initial material in
this study was a cross-rolled plate with a strong basal texture. To quantify
the plastic anisotropy and the tension-compression asymmetry of this ma-
terial, monotonic tensile and compressive tests were conducted, on samples
cut along different directions of the plate. A new anisotropic elastic/plastic
model was developed to describe the quasi-static macroscopic response of
the aggregate. Key in its formulation is the use of an anisotropic yield crite-
rion that captures strength-differential effects and an anisotropic hardening
rule that accounts for texture evolution associated to twinning. A very good

agreement between FE simulations using the proposed model developed and
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uniaxial data was obtained.

Key words: twinning, a-titanium, tension-compression asymmetry,

orthotropy, elasto-plastic model, finite element

1. Introduction

Because of their outstanding engineering properties such as corrosion re-
sistance, moderate weight (40% lighter than steel), and high strength, good
formability, and biocompatibility, titanium and its alloys have found wide-
spread use in high-performance applications. Examplesinclude aircraft struc-
tures requiring greater heat resistance than aluminum alloys, aircraft engine
applications, armor systems, etc. Considerable efforts have been devoted to
the characterization and modeling of the response of titanium alloys (see
for example, Follansbee et al. (1989), Lee and Lin (1997), Nemat-Nasser
et al. (2001), Picu and Majorell (2002), Khan et al. (2004), Khan et al.
(2007), etc.). The experimental data reported concerned mainly the uniax-
ial and torsional responses at different strain rates and temperatures, while
data for non-proportional loading paths is rather limited (see Khan et al.
(2007)). Many studies have also been devoted to the understanding of the
specific plastic deformation mechanisms at room temperature in pure tita-
nium (e.g. Salem et al. (2003) for data on high-purity « titanium; Li et al.
(1997) and Chun et al. (2005) for commercial purity titanium). Two types
of deformation modes, slip and/or twinning, occur in titanium and its alloys
during plastic deformation at room temperature. It is generally agreed that
pronounced yield asymmetry is associated with the activation of twinning.

Previous studies (Khan et al. (2007), Lee and Backofen (1966), Kuwabara



et al. (2001), etc.) have also shown that classic plasticity models, such as
Jo plasticity, or Hill (1948) are unable to capture this asymmetry that re-
sults from the combination of a sharp initial basal texture and the polarity
of deformation twinning. Twinning plays two important roles in a-titanium.
On the one hand, this deformation mechanism is a main contributor to tex-
ture evolution by reorienting the twinned areas (see Chun et al. (2005)),
even for the simplest monotonic loading paths. Furthermore; twinning dras-
tically influences the strain-hardening behavior (see for example Salem et al.
(2003)). Accurate and realistic modeling of the behavior of a-titanium thus
requires incorporation of the effects of twinning on the mechanical response.
Since, in crystal plasticity models, the distribution of crystal orientations in
the given polycrystal, the available slip/twinning deformation systems, and
the stress levels necessary to activate them are taken into account explicitly,
the evolution of anisotropy due to texture development can be characterized
by measuring the initial texture and updating the texture using a suitable
model, e.g. homogenization schemes such as Taylor or the self-consistent
model (see Hosford (2005)). Furthermore, the application of crystal plastic-
ity models to hexagonal close-packed (HCP) materials and the incorporation
of crystal plasticity calculations directly into multiscale finite element (FE)
codes have received much attention lately. Models that account for both
slip and twinning activity and employ Taylor (e.g. Staroselsky and Anand
(2003), Wu et al. (2007) or self-consistent (Tome and Lebensohn (2004),
Proust et al. (2007), etc.) averaging schemes to predict the aggregate behav-
ior have been proposed. For example, Wu et al. (2007) concentrated their

attention on the development of slip-hardening and twin-hardening functions



based on the experimental data on high-purity titanium deformed in simple
compression reported in Salem et al. (2003). These laws were incorporated
into a Taylor crystal plasticity framework and further used to simulate the
stress-strain response and texture evolution for monotonic loading (uniaxial
compression and simple shear). However, no attempt was made either to
predict the final deformed shape of the specimens, or to perform benchmark
simulations of more complex monotonic loadings, such as bending. In Tome
et al. (2001) a self-consistent viscoplastic model linked to the explicit FE code
EPIC (Johnson et al. (2003)) has been successfully used for describing the
deformation of pure zirconium with a strong initial texture when subjected
to quasi-static monotonic loading and bending, at room and liquid-nitrogen
temperatures. The above direct implementation of a polycrystal model into
a FE code, where a polycrystalline aggregate is associated with each FE in-
tegration point, has the advantage that it follows the evolution of anisotropy
due to texture development. However, such FE calculations are computa-
tionally very intensive, thus limiting the applicability of these approaches to
problems that do not require a fine spatial resolution.

An alternative promising approach is to develop anisotropic formulations
at a macroscopic level that can be easily implemented in FE codes, and thus
can be applied routinely for detailed analysis of complex forming processes.
Unlike recent progress in the development of mathematical descriptions of
anisotropic yield surfaces for materials with cubic crystal structure (for a re-
view of such formulations see Cazacu and Barlat (2001), Cazacu and Barlat
(2004) Barlat et al. (2004), etc.), macroscopic level modeling of yielding and

strain-hardening of HCP materials is less developed. Some of the rigorous



methods proposed to account for initial plastic anisotropy or to describe an
average material response over a certain deformation range (see Barlat et al.
(2007)) can be extended to hexagonal materials. The major difficulty en-
countered in formulating analytic expressions for the yield functions of HCP
metals is related to the description of the tension-compression asymmetry
associated to twinning. Recently, yield functions in the three-dimensional
stress space that describe both the tension-compression asymmetry and the
anisotropic behavior of HCP metals have been developed. To describe yield-
ing asymmetry that results either from twinning or from non-Schmid effects
at single crystal level, Cazacu and Barlat (2004) have proposed an isotropic
criterion expressed in terms of all invariants of the stress deviator. This
isotropic yield criterion was applied to the description of crystal plasticity
simulation results of Hosford and Allen (1973) and that of Vitek et al. (2004)
for randomly oriented polyerystals (for more details, see Cazacu and Barlat
(2008)). This isotropic criterion was further extended such as to incorporate
anisotropy using the generalized invariants approach proposed by Cazacu
and Barlat (2004). Comparison between this orthotropic criterion and data
on magnesium and its alloys (Graff et al. (2007)) and titanium (Cazacu
and Barlat (2004)) show that this anisotropic model accurately describes
both anisotropy and tension-compression asymmetry of these materials. In
Cazacu et al. (2006) another isotropic pressure-insensitive yield criterion that
accounts for yielding asymmetry between tension and compression associated
with deformation twinning was developed. This isotropic criterion involves
all principal values of the stress deviator. To account for both strength-

differential effects and texture-induced anisotropy, an extension of this cri-



terion using a fourth-order symmetric tensor operating on the Cauchy stress
deviator was proposed by Cazacu et al. (2006). The orthotropic yield crite-
rion of Cazacu et al. (2006) was shown to exhibit accuracy in describing the
yield loci of magnesium (Cazacu et al. (2006)) and titanium alloys (Cazacu
et al. (2006), Khan et al. (2004) and Khan et al. (2007)).

The present study presents a comprehensive set of experiments aimed at
understanding the response of high-purity a-titanium at room temperature,
and a constitutive model to describe the observed behavior in the framework
of anisotropic plasticity. We begin by reporting the results of a series of
monotonic quasi-static tensile and compressive tests, conducted to quantify
the plastic anisotropy and the tension-compression asymmetry of the ma-
terial under investigation. The elastic/plastic anisotropic model developed
for the description of the deformation behavior of this kind of material is
then presented. The algorithmic aspects related to the implementation of
the models developed in the FE code EPIC (Johnson et al. (2003)) are also
outlined. The ability of the proposed model to capture the main features of
the observed behavior is next examined by comparing the experimental data
with simulation results in terms of stress-strain response in uniaxial tensile
and compression tests. A three-dimensional investigation of the response of
the material under 4-point bending, including a comparison between test re-
sults and model predictions is reported in a companion paper (Nixon et al.

(2009)).



2. Experimental procedures

2.1. Material

The material used in this work was high purity (99.999%) titanium, pur-
chased from Alpha Aesar of Johnson Matthey Electronics, Inc. (Spokane,
WA). The material was supplied in the form of a 15.87 mm thick cross-rolled
disk of 254 mm diameter. Optical microscopy showed that the as received

material had equiaxed grains with an average grain size of about 20 um (Fig.

1).

Figure 1: Micrograph of the high-purity titanium plate material
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Figure 2: Measurex@)f the basal plane (0001); the rolling direction (RD) is
TW%QGS of approximate dimensions 19.05 mm x 19.05 mm x 15.87

oved using water jet from the perimeter of the plate. Neigh-
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o@ples were separated by an angle of 11.32° (see Fig. 2). The basal

plane (0001) pole figures of a few of these samples were measured by X-rays

? to confirm the orientation of the axes of orthotropy of the plate’s texture.

o

The basal plane aligns maximally in the normal-transverse plane at 30° to
40° from the plate normal direction (ND) towards the transverse direction

(TD). This result was also confirmed by the analysis of the (0001) pole fig-



Figure 3: (0001) pole figures measured by neutron diffraction showing the initial texture
of the a-titanium plate used in this study. The rolling direction (RD) and transverse
direction (TD) are in the plane of the disk, while the through-thickness (TT) direction is

normal to the plate. Scale represents multiples of random distribution (mrd)

ures obtained from neutron diffraction measurements of the initial texture
(see Figure 3) carried out in the neutron time-of-flight (TOF) diffractome-
ter HIPPO (High-Pressure-Preferred Orientation) at Los Alamos Neutron
Science Center (LANSCE).

2.2. Quasi-static behavior of high-purity a-titanium
The quasi-static characterization tests consisted of uniaxial tension and
compression tests that were conducted at room temperature and at a nominal

1

strain rate of 0.001 sec™, using an Instron 1125 testing machine. Test spec-
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imens were cut from the plate using Electrical Discharge Machining (EDM)
in order to eliminate artificial hardening that may occur using other ma-
chining techniques. Tensile testing was carried out with a 5 KN load cell
and an Instron model number G-51-12-A extensometer with a gauge length
of 25.4 mm.To characterize the anisotropy of the material, standard tensile
specimens were machined such the tensile direction was either parallel to the
rolling direction (RD) or the transverse direction (TD) (see Figure 4 for the
dimensions of the samples). A specialized miniature test specimen was used
for the through-thickness (T'T) tensile tests (Figure 5): The mini-tensile TT
results may be affected by a 10% error, as demonstrated in a very recent

paper by Kaschner et al. (2009).

\./l[= 2540 0 / .
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Figure 4: Geometry and dimensions ( in mm) of the specimens used for in-plane uniaxial

tensile testing.

In order to examine the microstructural evolution, compression tests were
carried out to approximatively 10%, 20%, 30%, 40% strains respectively or
until complete failure of the specimen occurred. The uniaxial tensile test

results (Figure 6) show that the material displays orthotropic behavior. In
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Figure 5: Geometry and dimensions ( in mm) of the through-thickness uniaxial tensile

specimen.

tension, the material is weakest in the rolling direction and strongest in
the through-thickness direction. In all tension tests, shear-type fracture was
observed. In contrast, tensile fracture of magnesium alloy AZ31B, which also
has HCP crystal'structure is brittle (see data by Lou et al. (1997)).

To examine the effect of loading orientation on the mechanical response,
cylindrical compression specimens ( 7.62 mm x 7.62 mm) were machined such
that the axes of the cylinders were either along an in-plane (IP) or through-
thickness (TT) plate directions. Compression testing was conducted using an
Instron 100 kN load cell and an Instron extensometer model number G-51-
17-A with a gauge length of 12.7 mm. In order to study the microstructural
evolution with accumulated deformation, the uniaxial compression tests were
conducted up to prestrain levels of 10%, 20%, 30% and 40%, respectively.

In each test, the load was applied continuously (with no interruptions). To
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Figure 6: Uniaxial tensile tests results along the rolling (RD), transverse (TD), and
through-thickness direction (TT)

reduce the effects of friction, Molykote lubricant was sprayed onto the platens
prior to testing. Only minor barreling of the specimens was observed. The
test results show that for this material the anisotropy in tension is more

pronounced than the anisotropy in compression.
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Figure 7: Uniaxial compression tests results along the rolling (RD), transverse (TD), and

through-thickness direction (TT).
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Comparison between compressive and tensile stress-strain response along
the rolling direction is presented in Figure 8. Although, initially there is no
significant difference in yielding behavior (at 0.02% strain offset, the yield
stress is 175 MPa), a very pronounced tension-compression asymmetry is
observed after about 10% strain. Note the especially sharp difference in
hardening evolution. While in tension, the material hardens gradually until
plastic localization (diffuse necking) occurs at about 30% strain, in compres-
sion strain-hardening is strongly non-linear, with a very pronounced increase
in hardening rate observed at about 10% strain. This change in hardening
may be indicative of twinning. This hypothesis was verified by the analysis of
the textures of the deformed specimen. The strong texture evolution result-
ing from large grain rotations associated with twinning is shown in Figure 9

for samples deformed in compression to 10% and 40% strain, respectively.
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Figure 8: Comparison between the compression and tension response in the rolling direc-

tion.
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Figure 9: (0001) Pole figures for samples loaded in compression along the rolling direction.

Scale represents multiples of random distribution:(mrd).
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Figure 10: Comparison between the compression and tension response in transverse direc-

tion.

A comparison of tension versus compression response along the transverse
direction is shown in Figure 10. Notice that the stress-strain curve in com-

pression along the transverse direction does not show the features present in
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the stress-strain response in the rolling direction compression. No significant
change in work-hardening rate is observed in either compression or tension,
which may be indicative of minimal deformation twinning. Indeed, post-test
texture measurements of the specimen deformed to 10% and 40% strain in
compression in the TD direction show little texture evolution, indicating that
twinning is not a dominant deformation mechanism for this loading path (see

Figure 11).

| . ) = 7\\
{ ) il TT 4.2

e

max 0.7 d max 04

L RDY 419
10% strain 40% strain

Figure 11: (0001) Pole figures for samples loaded in compression along the transverse

direction. Scale represents multiples of random distribution (mrd).

Comparison between quasi-static test results in monotonic uniaxial com-
pression and tension along the through-thickness direction are shown in Fig-
ure 12. A strong tension/compression asymmetry in initial yielding is ob-
served whereas the asymmetry in hardening evolution is less pronounced.
Figure 13 show post-test texture measurements for the TT specimen loaded
in compression to 10% and 40% strain. Only a slight texture evolution is

indicated.
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Figure 12: Comparison between the compression and tension uniaxial response in the

through-thickness direction.
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Figure 13: (0001) Pole figures for samples loaded in compresion along the through thickness

direction. Scale represents multiples of random distribution (mrd).
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3. Proposed elastic-plastic orthotropic model

To model the behavior of the high purity a-titanium material in the quasi-
static loading regime, an elastic-plastic modeling approach is adopted. To
describe the onset of yielding, an anisotropic yield criterion that captures
both strength differential effects and the anisotropy in yielding is developed.
A parameter identification procedure based on experimental results is also
outlined. The integration algorithm for the proposed model, and its im-
plementation in the explicit FE code EPIC follows. We conclude with a
comparison between model predictions and data in uniaxial tensile and com-
pressive loading in various directions. Validation of the model through its
application to the description of the bending response is presented in the

companion paper (Nixon et al. (2009)).

3.1. Proposed orthotropic yield criterion

One of the goals of this research is to advance the current state-of-the-
art by developing user-friendly, micro-structurally based, and numerically
robust macroscopic constitutive models that can capture with accuracy the
particularities of the plastic response of hexagonal metals, in particular high
purity. a-titanium. A full three-dimensional orthotropic yield criterion is
proposed. Key in this development is the use of the isotropic yield function
developed by Cazacu and Barlat (2004) that captures tension/compression
asymmetries. Thus, a brief overview of this isotropic yield criterion is first
given.

If the deformation mechanism of plastic deformation is sensitive to the

sign of the stress, as is the case of deformation twinning, the isotropic yield
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function ought to be represented by an odd function in the principal values of
the stress deviator. To describe the asymmetry in yielding, due to twinning,

Cazacu and Barlat (2004) proposed an isotropic yield criterion of the form

F( o Js) = J2 — cJs, (1)

where c¢ is a material parameter, J, = %t'r’ (0"2) and J3 = %tr (0"3) denote

the second and third invariant of the stress deviator o’. The constant ¢ can
be expressed in terms of the yield in uniaxial tension, o7, and the yield in
uniaxial compression, o¢, as

33 (0} — op)
 2(0} +0d)

(2)

If o7 = o¢ (no tension-compression asymmetry) then ¢ = 0, and the isotropic
criterion (1) reduces to the von Mises yield criterion. To ensure convexity, ¢
is limited to the following range: ¢ € [—3\/3/ 2,33/ 4}. In principal stress
space and for plane stress conditions (o3 = 0), the yield function (1) is

expressed as

1 c
f(O'l,O'Q) = 5 (0’% — 0109 + O'g) - ﬁ [20':13 -+ 20’3 - 3(0’1 + 0'2)0'10'2} (3)

Nlw

When ¢ # 0, Equation (3) represents a triangle with rounded corners. As
an example, in Figure 14 is shown the yield locus (3) corresponding to three
different ratios of o7 /oc. When o7 /0o is equal to unity, this isotropic yield
locus reduces to the von Mises ellipse.

To describe both the asymmetry in yielding due to twinning and the
anisotropy of rolled sheets, an extension to orthotropy of the isotropic cri-
terion given by (1) is developed next. The extension to orthotropy will be

done using a linear transformation approach. This approach (see for example,
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Figure 14: Plane stress yield loci(3) for various values of the yield stress ratio or/oc.

Barlat et al. (2007) ). consists in replacing in the expression of the isotropic
criterion (1) the Cauchy stress, o, by ¥ = Lo, where L is a 4" order tensor.
Let J; = 3tr(3?) and J§ = & tr (3%).

The proposed anisotropic criterion is of the form

f(;v‘]g):JQOQ_CJ??v (4>

Thus the equivalent stress, 7, associated to this orthotropic criterion is

1/3

o= A (5 = e (5)

where A; is a constant defined such as & reduces to the tensile yield stress

in the rolling direction,

20



2 2 3/2 -1/3
A =3 [(a2 + a3 + asaz)”” — ¢ (az + az)asas (6)

The tensor L satisfies: (a) the symmetry conditions: Liji = Ljim = Lju, =
Ly ( 4,9,k =1..3), (b) the requirement of invariance with respect to the
symmetry group of the material, and (c¢) L1y + Lox + Lgx, = 0 for k = 1, 2,
and 3, which ensures that 3 is traceless and consequently yielding is indepen-
dent of hydrostatic pressure. Let (x,y, z) be the reference frame associated
with the material symmetries, with & designating the rolling direction, y the
transverse direction, and z the thickness direction, respectively. Relative to

the orthotropy axes (x,y, z), L is represented by

(a2%0) gz ¥ @ (0 0 0

—aQats a9 o 0
R R .

0 0 0 as 0 0

0 0 0 0 a5 0

0 0 0 0 0 ag |

If the anisotropy of the material is fixed (i.e. the anisotropy of the material
does not evolve with accumulated plastic strain) the coefficients a;, i=1...6
are constants. In the symmetry reference frame, (x,y, z), the generalized
invariants, J; and J3 , are expressed in terms of the components of the

Cauchy stress o as

21
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Ol

[(a3 + a3 + azaz) o
(ai + a3 + a1as) o,

(a3 + a3 + araz) o2

(=243 + ar1as — a1a3 — azas) 0,0y (8)
(=243 — a1a2 + a1a3 — azag) 0,05

(=247 — aras — ar1as + asas) o0z

aiTgy + a? sz + a2 yQZ

+ o+ o+ o+ o+ o+

53
I
-

[ (a%ag + agag) Ug + (a%ag = agal) 03 + (a%ag + ala%) o,
(—ala% + a1a§ — ajaz — 2a2a§) Ugay
( alag — alag — a%ag — 2a2a§) aiaz
(—a%ag — a%ag + aQag — 2a1a§) aZax
a%ag 5 2a1a3 — alag — agag) 0’20'Z
atay— aiaz — 2a1a3 + a3az) oo, 9)

(

(-

(“2a2ay + alas — a3 — adas) 020,
(

{

2
2 (afa2 + alag + a2a1 + a2a3 + a3a1 + a3a2) Ox0y0y ]
1
2 2 2 2
§ [a2a4ox + a1a30y — (a1a4 + a2a4) O'Z] Try
2 2 2 2 2
[a3a5am - (a1a5 + a3a5) oy + a1a5az] Ty

[(—aga% — aga%) 0p — a3agoy + ‘12‘1(25‘74 Tyzz }

+ o+ 4+t F o+ o+ 4

2a4a5agszTmTyz

These generalized invariants reduce to the isotropic invariants J, and J3
when L is taken as the identity tensor so that a; = 1 and ¥ = o. Thus, the

proposed anisotropic criterion (5) involves seven parameters: the strength
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differential parameter ¢ and the six anisotropy coefficients a;. Of these six
anisotropy coefficients, a1 to a4 are related to the in-plane properties of the
sheet. These coefficients and ¢ can be determined based on uniaxial ten-
sile and compressive tests along different orientations 6 with respect to the
rolling direction . Let denote by of and 0§, the normalized uniaxial flow
stress data normalized by the tensile yield stress in the rolling direction. In

particular, according to (5)

1 3
06 = = { (@34 + )+ (cdanct o) ) (10)
1

ol

Similarly, the proposed yield criterion predicts that the tensile yield stress

and compressive yield stress along the transverse direction y are

Wl

1 3 -

ol = " {(a% + a3 + a1a3) 2 ¢ (a%ag + agal)} (11)
1 3 -3

ag% = A_1 {(a% + ag + a1a3) 2 ¢ (a?ag + agal)} 3 (12)

Using (5), we obtain that the tensile yield stress and compressive yield

stress along the through-thickness direction z are

1 3 -3
O'Z 2 {(a% + ag + alag) 2 _¢ (a%ag + a%al)} ’ (13)
1
c 1 2 2 3 2 2 =3
0. =T {(OL1 + a3 + ara2)® + ¢ (afas + a2a1)} (14)
1

When o, = 09 = of and 03 = 0 (equibiaxial loading), according to the

proposed criterion yielding occurs when

=

1 araz(ar +aqz) |
ol = N {(2&1 — 2by — by)*/% — 6122—172:| (15)

while under equibiaxial compression, i.e., for o1 = 0y = of’

Wl

(16)

1 aias(ay +aq) |~
UbC:A—l {(2@1—2172—1)3)3/2—1—0%}

23



Furthermore, we assume that the plastic potential coincides with the yield
function. Let denote by r} and r§ the Lankford coefficients (width to thick-
ness strain ratios) under uniaxial tension and uniaxial compression in a di-
rection at angle 6 with the rolling direction @, respectively. According to the

proposed orthotropic criterion, it follows that:
3[rf (3o + a2 — az) — (a3 — a1 — a2)] ar — 2¢ [(381 — B3)rg = B3] =0, (17)
3[r§ (3ar + a2 — ag) — (a3 — a1 — as)] Vai +2¢[(361 = B3)r§ — B3] =0, (18)
3 [rao(3az + a1 — as) — (a3 — a1 — a2)] oz — 2¢ [(382=Ba)rgy — B3] =0 (19)
3[r§o(Bas + a1 — as) — (a3 — a1 — a2)] Vaz + 2¢[(382 — Bu)rdy — B3] = 0. (20)

where the superscripts T and C designate tensile and compressive states,
respectively. The constants «;, ¢ = 1...3 and 3; , j = 1...4 are expressed in

terms of the anisotropy coefficients as
P T
= §(a2 -+ Qs + CL26L3),

1
Qo = —<CL% + ag + Gl(lg),

9

1
3 = §(CL% + (lg + alag),
B = a;_gg(cﬂ + as), (21)
Ba = a;_gg(al + as),

1
By = B + 2—7((1%@2 + ajay — azay),

1
ﬁ4 = ﬂg + —(a%al + a%al — agag).
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In conclusion, using the above equations with a;=1, the coefficients a;, i
= 2...4 and the strength parameter ¢ can be determined by minimizing an

error function of the form
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O'g 2 O’g 2
E(a27a37a4ac) = E Wy (O_exp - 1) + E W, (O_e:(:p - 1)
. %
J

k
’/’g 2 T‘QC 2
by (1) S (- 1) 12
i 4 Kk 0

where j is the number of experimental tensile yield stresses, 77 is the number
of experimental tensile Lankford coefficients, k is the number of experimen-
tal compressive yield stresses, kk is the number of experimental compressive
Lankford coefficients while w;, wy, w;; and wg, are weights given to the
respective experimental values. The theoretical values are calculated accord-
ing to the above equations. The remaining anisotropy coefficients, as and ag,
which are associated with out-of-plane properties may be determined based
on out-of-plane data such as yield stress for simple shear in the (y, z) and
(z,x) planes, respectively: Generally, if experimental data are not available
for a given strain path; they can be substituted with numerical data obtained

from polycrystalline calculations.

3.2.  Modeling anisotropic hardening due to evolving texture

Previous experimental observations on hardening of hexagonal materials
(e.g. Hosford and Allen (1968), Lee and Backofen (1966), Lou et al. (1997))
as-well as the quasi-static monotonic data on a-titanium reported in this
paper (see section 2.2) show that the hardening rate is strongly dependent
not only on the loading path but also on the sense of loading. Thus, the
directionality of hardening cannot be neglected even for the simplest loading

conditions such as monotonic loading. This anisotropic hardening, which
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is due to evolving texture, cannot be described using classical isotropic or
kinematic hardening laws.

A general methodology for the description of yielding anisotropy and its
evolution with accumulated deformation for both quasi-static and dynamic
loading conditions have been proposed by Plunkett et al. (2006), Plunkett
and Cazacu (2008)). The anisotropy coefficients as well as the size of the
elastic domain were considered to be functions of the of the equivalent plas-
tic strain associated with Cazacu et al. (2006) orthotropic yield criterion.
Experimental measurements and/or polycrystalline calculations were used
to calculate the flow stress in various stress directions for a finite set of val-
ues of the equivalent plastic strain. Next, an interpolation technique was
used to construct subsequent yield surfaces. Another method, which consists
in determining explicit analytic expressions for the laws of variation of the
anisotropy coefficients with accumulated plastic deformation was proposed
by Graff et al. (2007) and used in conjunction with the orthotropic yield
criterion of Cazacu and Barlat (2004) for the description of the anisotropy in
yielding due to texture evolution in magnesium. However, the determination
of these analytic laws of variation for the anisotropy coefficients and strength
differential parameter requires a large amount of data. In the present paper,
we use the methodology of Plunkett et al. (2006) in conjunction with the new
orthotropic yield criterion (5). The hardening variable is considered to be
the equivalent plastic strain &, associated with this effective stress through
the work-equivalence principle. Thus, from experimental and/or numerical
results from polycrystal calculations, we determine the anisotropic coeffi-

cients a; and c for a finite set of values of the equivalent plastic strain, say

26



g, <& < --- <&, and calculate for each of the individual strain level &,
j = 1...m, the effective stress 6/ = a{o, L(Z]),c(&)), }, using (5) as well as
Y7/ = Y(&), where Y is the effective stress-effective plastic strain function
in the tensile rolling direction. Then, an interpolation procedure is used to

obtain the yield surfaces corresponding to any given level of accumulated

strain. Thus, for a given arbitrary £,, the anisotropic yield function is of the

form
Q(o,&p) =T(0,5,) —11()) (23)
with
D(o,&,) = £(5,)a7 + (1= £(5,))0" ™ (24)
and
(o,) =£(5,)Y7 + (1 —£(5,)) Y7 (25)

for any z—f% <& < égfl, j = 1...m-1. For linear interpolation, the weighting

parameter £(&;) appearing in equations (24) and (25) is defined as:

3 gj‘f‘l _ gp
£(&p) = m (26)

such that (&) = 1 and (&)™) = 0. By considering that the anisotropy
coefficients a;,j = 1...6, and the strength differential parameter c evolve
with the plastic deformation, the observed distortion and change in shape
of the yield loci of hcp materials could be captured. Obviously, if these

coefficients are taken constant, the proposed hardening law reduces to the

27



classic isotropic hardening law, the shape of the yield locus depends only on

the initial texture and does not change.

4. Application of the proposed model to a-titanium

In this section, we apply the proposed model to the description of the
anisotropy and asymmetry in yielding of the a-titanium plate material stud-
ied. The r-values were not measured. The experimental data used in the
error function (22) consist of the measured tensile and compressive flow data
in the RD, TD, and TT directions. Equal weights were given to the exper-
imental data. The parameter a; is set equal to unity while the numerical
values of the anisotropy coefficients as to ay corresponding to fixed levels of
accumulated plastic strain eps, are given in Table 1. No data were available
for determination of the coefficients a5 and ag. Their values were set equal
to the isotropic values (i.e.. unity). The corresponding theoretical biaxial
plastic potential curves along with the experimental values (represented by
symbols) are shown in Figure 15. Note that the proposed criterion matches
the data well:

Note that for strains below 10% strain, the predicted yield loci have an
elliptical type shape, which is typical for slip dominated plastic deforma-
tion. Beyond this strain level, the model predicts that the yield loci have a
triangular shape and that the tension-compression asymmetry is very pro-
nounced. It is worth noting that this change in shape occurs at the strain
level associated with twin activation in the rolling direction. Hill (1948) is
the most widely used orthotropic yield criterion available and has proven to

be accurate and robust for many materials, especially steels. However, it
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Figure 15: Theoretical plastic potential according to (5) and experimental data (symbols)

corresponding to fixed values of the equivalent plastic strain &,. Stresses are in MPa.

can not account for the strength differential observed in hexagonal materi-
als. For comparison purposes, Hill’s criterion is applied to the high purity
titanium material. With respect to the orthotropy axes (x,y, z), Hill (1948)

orthotropic yield criterion is written as
Floy—0.)*+G(0.—0,)* + H(0, —0,)° +2L7., +2M72, +2N7,, =1 (27)

where the coefficients F, G, H, L, M, and N are material constants.
The coefficients F, G, and H were calculated using the analytic expressions

of these coefficients in terms of the flow stresses along the axes of symmetry
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Table 1: Yield function (5) coefficients for high-purity « -titanium corresponding to fixed

values of the equivalent plastic strain &,. Note a; is set to 1 for all cases

Ep as as ay ¢
0.000 0.9186 1.9985 1.3286 -0.3975
0.025 0.9071 1.7270 1.3972 -0.4202
0.050 0.8343 1.6477 1.3651 -0.3422
0.075 0.8576 1.6193 1.4135 -0.3746
0.100 0.8902 1.6062 1.4490 -0.5142
0.200 0.9443 1.4246 1.4262 -9.6852

of the material (see Hill (1948)). The numerical values for the high-purity
titanium are: F=4.147 MPa~!, G:=4.726 MPa~! and H = 6.986 MPa~!. In
Figure 16 are shown the theoretical yield loci according to Hill (1948) along
with the yield loci predicted by the anisotropic model at a strain of 20%.
Note that Hill (1948)’s eriterion cannot capture the observed behavior while
the proposed model describes very well the pronounced strength differential
effects displayed by the material.

The developed orthotropic yield criterion in conjunction with the anisotropic
hardening law presented in the previous section and associated flow rule was
implemented into the explicit FE code EPIC (Johnson et al. (2003)). General
aspects related to the solution of the plastic corrector problem are presented
in what follows. The elastic strains are usually much smaller than plastic
strains, hence an additive decomposition of the total strain rate € into an
elastic part €. and a plastic part €, is generally considered. The elastic

stress-strain relationship is given by

30



600

— — — - Hill480.2
AN Data
J2J3 Fit 0.2

400

200

o, (MPa)

-200

-400

-600 -400 -200 200 400 600

Figure 16: Theoretical yield loci according with Hill (1948) criterion and the proposed
criterion (5) in comparison with experimental flow stresses (symbols) on high-purity «-

titanium for 20% pre-strain.

& = CE, (28)

where C' denotes the fourth-order elasticity tensor.
The equivalent stress ¢ is given by (5) and the evolution of the plastic
strain by an-associated flow rule:
. 0o

Since the effective stress 7 is a first-order homogeneous function in stresses
(see (5)), from the work-equivalence principle follows that the law of evolution
of the hardening variable &, is: €, = A. Enforcing the Kuhn-Tucker loading-
unloading conditions, follows that the tensor of tangent elastoplastic moduli,
C*“’, that relates the current stress increment to the current total stress

increment is given by:
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C for A=0,

er — r r
¢ C: g—o_ QR C: g—o_ ' (30)
C_a_F‘C.a_F_i_@_H_@_F for A > 0.
\ do 0o 0z, 0
where
or 057 . OgItt
=t e (- E5) (31)

r Fitl _ 5J
or _ o7 -’ (32)

05 & -4

J+l _ vy
In displacement-based FE formulations, for a prescribed nodal displacement,
at each Gauss point the system of equations (28)-(29) are integrated to up-
date the stress and hardening parameter. We use the convex cutting plane
algorithm (Simo and Hughes (1998) ). During a time step [t,,?,+1], a trial
elastic stress is-computed by making use of the elastic stress-strain rela-
tion (28), d.e. 0% = 5, + C : Ag,. Next, the generalized invariants of
olrial are caleulated. If Q(ofri4 e) = T(ofrial e) — II(2) < 0, then the
process is elastic and the trial state is the final state. If, on the other hand,

D(aiy eh) — (e,

) > 0, the Kuhn-Tucker conditions are violated by the
trial state which lies outside the yield surface. Consistency is restored by a

return mapping algorithm. Basically, the constraint equation

Fn+1 = F(0n+1a 5171 + A)‘) - H(ég + AA) =0,

ria 8@ <34>
Oni1 =04 — ANC <0_0') .
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is linearized and the increment to the plastic multiplier is computed. The
stresses, strains, and equivalent strain are updated and the yield criterion
should be satisfied within a specified tolerance. If this tolerance has not been
met, the plastic corrector step is repeated until convergence is obtained. Once
this happens, the updated stresses and strains are accepted as the current
state.

For uniaxial loading conditions, the simulations involved a single element
with eight nodes with a single integration point. The cell was stretched
uniaxially and the obtained stress versus strain results were compared to the
appropriate experimental data. For each simulation, four nodes on one face
of the element were restrained and the four nodes on the opposite face were
given a constant velocity in either the tensile or compressive direction.

The simulated normal stresses in the appropriate loading direction versus
the effective strain are compared to the corresponding experimental data (see
Figures 17 to 19). Note that the model accurately reproduces the data for

each loading condition.

5. Concluding Remarks

A comprehensive experimental and theoretical investigation of the de-
formation behavior of high-purity, polycrystalline a-titanium under quasi-
static conditions at room temperature was conducted. To quantify the
plastic anisotropy and the tension-compression asymmetry of this material
monotonic tensile and compressive tests were conducted. The evolution of
texture during deformation was studied using neutron-diffraction techniques

to elucidate the role of deformation twinning and its effect on the macroscopic
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Figure 17: Comparison between finite element simulation results using the proposed model

and experimental data corresponding to uniaxial loading in the rolling direction. Symbols

are simulation results.
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response.

From the test results, it can be concluded that the mechanical response
is non-symmetric (tension-compression asymmetry) and orthotropic. Specif-
ically, the hardening rate is strongly dependent on the loading direction and
the sense of the applied load. The observed tension-compression asymmetry
is a consequence of different deformation mechanisms being activated along
different loading directions. The experimental evidence was further used to
develop an elastic-plastic model. Key in its formulation is an anisotropic yield
criterion that captures strength differential effects and an anisotropic hard-
ening rule that accounts for texture evolution associated to twinning. The
ability of the proposed model to capture the main features of the observed
behavior were assessed by comparing the experimental data with simulation

results in terms of stress-strain response in uniaxial tensile and compression
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tests. A very good comparison between FE simulations using the model
developed and uniaxial data was obtained.

In hexagonal materials SD (strength-differential) effects, which are due
to the polarity of deformation twinning, are observed even for monetonic
loadings. The aim of this paper was to describe the distortion of the yield
surface associated with this tension-compression asymmetry. Future plans
include modeling SD effects and hardening associated with cyclic loadings.
It is expected that additional internal variables should be included in the
present model such a 2nd order tensor to capture the backstress and a 4th
order tensor to capture twinning-detwinning effects under reverse loading.
Note that such an approach was used by Teodosiu and co-workers (2nd order
tensor for description of backstress and 4th order tensor for description of
the polarity of dislocation walls) in ¢onjunction with Hill (1948) yield crite-
rion to model anisotropic hardening in materials with cubic crystal structure
(see for example, Li et al. (2003). To model SD effects during cyclic load-
ing observed in AZ31B Mg alloys, Lee et al. (2008) used Drucker-Prager
compressible (pressure-dependent) yield criterion and a 2nd order internal

variable to account for hardening evolution.
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APPENDIX

A. Derivatives of the yield function

Derivatives of the effective stress o (see (5)) with respect to the Cauchy

stress are provided in what follows. Applying the chain rule,

or

where

96 0o 0J3 0%

9o~ 0J3 0% o o 0% 0o

05 05 9JS 0%y 96

96 0J; 0%
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(A.2)

(A.3)

(A4)

The derivatives of the generalized invariants with respect to the transformed

stress X are
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ACCEPTED MANUSCRIPT
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All other derivatives are equal to zeros P
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